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by M. J .  Heyvaer t s  
I n s t i t u t e  of As t rophys ic s  
P a r i s  . 

An a n a l y s i s  i s  made of t h e  p o s s i b i l i t i e s  of a m p l i f i c a t i o n  of  synchro t ron  
r a d i a t i o n  t a k i n g  i n t o  account  t h e  d e t a i l e d  form of t h e  r a d i a t i o n  p a t t e r n ;  
c o l l e c t i v e  e f f e c t s  a r e  n e g l e c t e d .  While a m p l i f i c a t i o n  i s  never  p o s s i b l e  i n  
one p o l a r i z a t i o n ,  i t  may occur  i n  ano the r  i n  t h e  p re sence  of p a r t i c l e  beanis 
w i t h  a n g u l a r  sp read  of t h e  o r d e r  of t h e  r a d i a t i o n  p a t t e r n ' s  a p e r t u r e  a n g l e .  

* 
* *  

1. Study of t h e  p o s s i b i l i t i e s  of a m p l i f i c a t i o n  of synchro t ron  r a d i a t i o n ,  
as f a r  as w e  know, w a s  made o n l y  by u t i l i z i n g  two e s s e n t 5 a l  s i n p l i f i c a t j o n s .  

a) One assumes t h a t  f o r  a p a r t i c l e  w i t h  a g iven  dynamic s t a t e ,  emi.ssivi- 
t y  t a k e s  p l a c e  e x c l u s i v e l y  i n  t h e  v e l o c i t y  d i r e c t i o n :  

QA(E, O,@) P;,(E)S(O--) (1) 
i . e . ,  one i g n o r e s  
t i c l e .  

t h e  d e t a i l e d  s t r u c t u r e  of  t h e  r a d i a t i o n  p a t t e r n  of t h e  par-  

b) One assumes t h e  d i s t r i b u t i o n  f u n c t i o n  as be ing  i s o t r o p i c ,  i . e . ,  i n  
t h e  a b s o r p t i o n  o p e r a t o r  (.f. (1) (2) (3)) 

d Only t h e  p a r t  - is  r e t a i n e d .  
d E  

C e r t a i n  a u t h o r s  (Twiss [l], W i l d ,  Weiss, Smerd [ 2 ] )  do n o t  advance t h i s  
h y p o t h e s i s ,  bu t  show t h a t  t h e  a n i s o t r o p y  t e r n  i s  genera1l.y n e g l i g i b l e ,  f o r  t h e  
impu l s ion  t r a n s f e r  proceeds  i n  t h e  d i r e c t i o n  of p a r t i c l e  v e l o c i t y .  Here w e  



C , 2 

have a n  approximat ion  t h a t  stems a l s o  from t h e  s i m p l i f i c a t i o n  (1). 
ob ta ined  f o r  1%. i n  a preceding  work [3] j u s t i f i e s  t h i s  approximat ion  i n  t h e  
v a r i a b l e s  ( E ,  Q) . 

The form 

The g r e a t e r  t h e  energy of the cons ide red  p a r t i c l e s ,  the more c o r r e c t  a r e  
t h e  s i m p l i f i c a t i o n s .  However, we f e l t  t h a t  i t  wou1.d b e  more a p p r o p r i a t e  n o t  
t o  make u s e  of  them s o  as t o  s tudy  t h e  a s p e c t  of the phenomena f o r  n o n u l t r a -  
r e l a t i v i s t i c  p a r t i c l e s .  The r e s u l t s  ob ta ined  b l end  w i t h  t h o s e  of Wild,  Weiss 
and Smerd [ Z ]  a t  ve ry  g r e a t  energy  t h r e s h o l d ,  b u t  one  f i n d s  a p o s s i b i l i t y  of 
a m p l i f i c a t i o n  of one of t h e  p o l a r i z a t i o n s ,  when p a r t i c l e s  form a s u f f i c i e n t l y  
d i r e c t i v e  beam. 

I n  o r d e r  t o  conduct t h i s  s tudy  westar t  from t h e  e x p r e s s i o n s  ob ta ined  i n  
the work 133, which t a k e s  account  of a n i s o t r o p y  e f f e c t s  of t h e  d i s t r i b u t i o n  
f u n c t i o n  assumed n e v e r t h e l e s s  t o  be "gyro t r o p i c " ,  t h a t  i s  , of r e v o l u t i o n  
about  t h e  uniform and c o n s t a n t  magnet ic  f i e l d  3, i n t o  which t h e  plasma i s  
i m m e r s e d .  The system i s  assumed t o  b e  homogenous. We n e g l e c t e d  t h e  c o l l i -  
s i o n s  and t h e  c o l l e c t i v e  e f f e c t s :  the  o n l y  phenomena r e t a i n e d  are t h e  i n t e r a c -  
t i o n s  between t h e  t r a n s v e r s e  p o l a r i z a t i o n  o s c i l l a t o r s  and plasma p a r t i c l e s .  
The a b s o r p t i o n  c o e f f i c i e n t  w i l l  then b e  w r i t t e n :  

2 n p l g  i s  t h e  d i s t r i b u t i o n  f u n c t i o n  of one p a r t i c l e  p u l s e s ,  1 P;, 1: i s  t h e  emi-s- 
s i v i t y  on t h e  o s c i l l a t o r  h by a par t ic1.e  i n  a g iven  dynamic s t a t e  ( p 1 , p i i ) .  

and i n  t h e  p o l a r i z a t i o n  8 ,  pe rpend icu la r  t o  t h e  former ,  w e  have 

I n  e x p r e s s i o n  (2)  w e  may p a s s  t o  d imens ionless  v a r i a b l e s  

& J = ( 1 -1- Pjl '  ->;a- f PJsII - )'/2 

P;Ii 
xj, ,  = - 

n1,c 

VA 14 = __-- 
I n J  1 
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I n  t h e s e  v a r i a b l e s  opera-tor 9~ is  w r i t t e n  : 

Taking i n t o  account  t h a t  

w e  o b t a i n  

The s t u d y  of t h i s  e x p r e s s i o n ' s  s i g n  assumes t h e  s tudy  of  t h e  k e r n e l  
N ( E , x , , )  == I PLi I D  and t h a t  of t h e  s i g n  o f  t h e  e x p r e s s i o n  

ag + cos 0 ai? 
a& JS,, 

2. STUDY OF THE KERNEL ON THE "INTERACTION STRAIGHT LINE" 

Taking i n t o  account  t h e  Doppler c F f e c t ,  o s c i l . l a t v r  X i n t e r a c t s  ''as fa r  as'' 
a harmonic of number s w i t h  p a r t i c l e s  whose dyna1ni.c s t a t e s  a r e  s i - t u a t e d  on a 
s t r a i g h t  l i n e  of The p l a n  ( E ,  .XI,) : 

S 
li 

E == cos e xII -1- - 

When - s varies ,  t h e s e  l i n e s  have a r e g u l a r  spac ing  between them. The 
g r e a t e r  t h e  p u l s a t i o n  vA of t h e  o s c i l l a t o r  X t h e  s m a l l e r  t h e  margin.  One may 
n o t i c e  t h a t  t h e  r e g i o n  of t h e  u s e f u l  p l a n e  ( c , s l l )  i s  d e f i n e d  by c2 2 1 - 1 -  S'II and 
r e p r e s e n t s  t h e  i n t e r i o r  of an hyperbola .  The i n t e r a c t i o n  l i n e s  i n t e r s e c t  i t  
a lways  a t  two p o i n t s  of t h e  upper branch ( e v e n t u a l l y  a t  i n f i n i t y  i f  cos0 = 1). 

Taking i n t o  account  t h e  i n t e r a c t i o n  c o n d i t i o n  (6 ) ,  t h e  k e r n e l  assumes on 
t h e  l i n e  DA t h e  form 

YS 

i n  t h e  p o l a r i z a t i o n  4 .  We p o s t u l a t e d  fi, =- 11 sin 0 sl. 
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We have cz = 1 -t- x;+xli, which  d e f i n e s  xL as a f u n c t i o n  of two v a r i a b l e s  
E and X I /  . 

It is  easy  t o  v e r i f y  t h a t  u s in0  xL does n o t  exceed on D A , ~  t h e  v a l u e  of 
- s by inaking i n t e r v e n e  t h e  a n g l e  Y of p a r t i c l e  v e l o c i t y  w i t h  so.  

On t h e  o t h e r  hand, t h e  cu rves  of E y .  x i =  c o n s t  a re  branches  of hype rbo la s  
w i t h  asymptote  X J  = kc, j u s t  a s  t h e  l i m i t  hyperbola  which cor responds  anyhow 
t o  X_L = 0 They a r e  i n t e r i o r  t o  each o t h e r  i n  t h e  o r d e r  of xi which ac ts  a s  
t h e i r  parameter  forming a l i n e a r  beam, b i - t angen t  t o  t h e  r i g h t  a t  i n f i n i t y .  
These remarks a l l o w  us  t o  see that  t h e  p o i n t  on DX,s r e a l i z i n g  t h e  maximum of 
xL, 
The r e g i o n  of  t h e s e  p o i n t s  i s  t h e  con juga te  diameter of  t h e  d i r e c t i o n  of DA,s 
r e l a t ive  t o  a l l  t h e  hype rbo la s  o f  t h e  beam, The p r o p e r t y  o f  con juga t ion  shows 
t h a t  two p o i n t s  of same x on  D A , ~  a r e  sylnmctrical r e l a t i v e  t o  t h e  p o i n t  real-  
i z i n g  x ,  maximum. 

is a t  t h e  c o n t a c t  of DA,s and t h e  hyperbola  of t h e  f ami ly  t angen t  t o  i t .  

I One may e a s i l y  see t h a t  t h i s  median p o i n t  h a s  f o r  c o o r d i n a t e s :  - 

and r e a l i z e s  : 

S E m  -- _- 
u sin2 0 

Thus w e  make appea r  a p a r i t y  p r o p e r t y  of e x p r e s s i o n  (S), which sugges t  t o  
use  f o r  axes t h e  d i r e c t i o n  of D A , ~  and t h e  c o n j u g a t e  O n e  ( c o s 0  f 1 ) .  

We shal.1 p o s t u l a t e  

n t  
I n  t h e  fo l lowing  w e  s h a l l  omit i n d i c e s  X j ,  b u t  PAj rnust/ge confused w i t h  

t h e  p a r t i c l e ’ s  momentum. 

I n  t h e s e  v a r i a b l e s  w e  o b t a i n  



i n  

w e  

by 

bA 

p a r t i c u l a r  on an  i n t e r a c . t i o n  l i n e  D X , s  of equa t ion  

S 

14 
q =  - 

o b t a i n  an  e x p r e s s i o n  q u i t e  similar t o  (10) 

p o s t u l a t i n g  

t h e n  h a s  f o r  expres s ion :  

( 1 4  

I n  t h e s e  v a r i a b l e s  c o e f f i c i e n t  bA h a s  a s imple  form. We now must s t u d y  
t h e  f u n c t i o n  N(p, q )  i n  each p o l a r i z a t i o n .  

I n  t h e  p o l a r i z a t i o n  6: 

I n  t h e  po la r i za t j . on  8 :  

A s  one could  have expec ted  these  f u r c t i o n s  are  even w i t h  r e s p e c t  t o  p. We 
T h i s  i s  expla ined  by t h e  e a s i l y  veri- s h o u l d  n o t e  t h a t  (19) i s  ze ro  a t  p = 0. 

f i a b l e  f a c t  t h a t  i n  t h i s  p o l a r i z a t i o n  t h e  r a d i a t i o n  p a t t e r n  i s  d i v i d e d  i n t o  two 
l o b e s .  I n  t h e  d i r e c t i o n  o f  p a r t i c l e  v e l o c i t y  t h e  emi t t ed  power i s  z e r o  (F ig .1 ) .  

These two p r o p e r t i e s  are n o t  l i n k -  
4 

- .--x V ed i n  a p e r f e c t l y  t r i v i a l  f a s h i o n  s i n c e  
t h e  r a d i a t i o n  p a t t e r n  y i e l d s  f o r  a g i -  
ven  dynamic s t a t e  t h e  e m i t t e d  power on 
d i f f e r e n t  o s c i l l a t o r s ,  whereas  k e r n e l  

F ig .  1 N(p, q )  y i e l d s  t h e  power e m i t t e d  on a 
s i n g l e ,  q u i t e  p r e c i s e  an  o s c i l l a t o r ,  
as a f u n c t i o n  of t h e  dynarnic s t a t e  of 

r"j:niisii:;uii 0 n - i - - : - - ~ : - -  
I V ~ U I  iauLiuiI  9 

t h e  e m i t t e d  p a r t i c l e .  

It i s  easy  t o  see t h a t  f o r  a f i x e d  2, !:e;rp.l.s as a f u n c t i o n  of E, have t h e  
f o l l o w i n g  (F ig .  2 , n e x t  page) .  
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Fig. 2 

. 3.  STUDY OF THE KERNEL WHEN s VARIES 

When - s i n c r e a s e s ,  t h e  r e l a t i v e  wid th  of t h e  peaks dec reases .  L e t  u s  nov! 
s e e  t h e  a s p e c t  of a N(p, q)  cutaway f o r  p = c o n s t a n t .  We I n l i s t  s tudy  

a s  a f u n c t i o n  of p i n  t h e  p o l a r i z a t i o n  $I and 

Ca - a: t i a  pi cosa 0 J: (s (1 - -5)';) 
i n  t h e  p o l a r i z a t i o n  8 .  

a) Case of P o l a r i z a t i o n  0 

Case ( 2 1 )  is p a r t i c u l a r l y  c l e a r .  Indeed ( c f .  [ 5 ] ,  p .260)  

J , ( ~ x )  < J,(s) f o r  x < 1 

Thus,  N ( p ,  q )  approachzs zero  as s 3  VJ. 8 

On t h e  o t h e r  hand, f o r  s = up, No ( p ,  a,) =- 0; (s, -- 0). Thus t h e r e  i s  a t  l e a s t  
one maximum t h a t  has  t o  be s i t u a t e d .  To do s o  one may employ approximation 
fo rmulas  f o r  aessel  f u n c t i o n  of  g r e a t  index .  The argument be ing  c lose  t o  t h e  
i n d e x ,  one must be ve ry  c a u t i o u s  i n  t h e  cho ice  of approximat ions .  
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W e  may u s e  t h e  Cauchy-Meissel. approximat ion  ( c f .  [ S I ,  p.245) i n  t h e  z e r a  
o r d e r .  One must t h e n  be a s su red  t h a t  

s ay  : 

We t h e n  have : J, (s( 1- $->">= x21i,3'11s r -I/, . 

I n  p r i n c i p l e ,  t h e  C a r l i n i  approximat ion  i s  v a l i d  f o r  a i i x e d  x smaller 

We have n o t  found 
t h a n  t h e  u n i t y .  The c l o s e r  x t o  the u n i t y ,  t h e  g r e a t e r  t h e  minimum-rank of S 
s t a r t i n g  w i t h  which i t  c o n s t i t u t e s  a good approximat ion .  
any estimate of S as a f u n c t i o n  of x .  
approximat ion  when 

However, w e  s h a l l  make use  of t h i s  
I 

s 4 US!. 
Then we have 

The Cauclyapproximation y i e l d s  a d e c r e a s i n g  behavior  f o r  7 % a': 
of C a r l i n i  y i e l d s  an i n c r e a s i n g  one € o r  S < U3p2 . There fo re ,  the niaximurn 
must. b e  l o c a t e d  i n  t h e  neighborhood o f  s -= us:, b u t  f u n c t i o n  Js ( s x )  i s  r t p r c -  
s e n t e d  by n e i t h e r  of t h e  preceding  approximat ions  i n  t h i s  domain ( t r a n s i t i o n  
zone).  The ~u ' ic io lso i i  a p p r o x i m a t i m  or i t s  fiiiproved v e r s i o n  by Tw'atson are  r i o t  
a l g e b r a i c .  Thus w e  s h a l l  renounce h e r e  any d e t a i l e d  s tudy  of i t s  behavior  i n  
t h i s  r e g i o n .  We s h a l l  sjmply cons ide r  t h a t  t h e  maximum w i l l  be l o c a t e d  a t  

and t h a t  

s = aa,B and w e  s h a l l  e v a l u a t e  i t  wi th  t h e  a i d  of t h e  Nicholson formula: 

f o r  

I 

- t h e  argument of Kll3 becomes a c o n s t a n t  independent of E: 

3, (s -y> .?.* ( x  2% 3%)-' &!: &a/;) x a,-!.: 

For a f i x e d  E, Ng(p ,q)  maximum t h u s  has  t h e  v a l u e :  



This  f u n c t i o n  i n c r e a s e s  from z e r o  t o  i n f i n i t y .  Su r face  N4(p,q) h a s  t h e  shape 
of a b a s i n  of which t h e  edges ascend t o  i n f i n i t y .  F i g u r e  3 g i v e s  a pc r spec t -  
i v e  view of t h e  s u r f a c e  N e .  

b) Case of P o l a r i z a t i o n $  

L e t  u s  now examine t h e  second p o l a r i z a t i o n .  The k e r n e l  is w r i t t e n  w i t h  - s 
f i x e d  : 

N,$ i s  maximum a t  p = 0; the g r e a t e r  - s ,  t h e  s h a r p e r  N + .  

When 2 i s  f i x e d ,  w e  may u t i l i z e  t h e  Cauchy approximat ion  f o r  J s ( s x )  i f  
s )) ay 

N$(p,s )  grows a s y m p t o t i c a l l y .  

For s < apa/s, we u t i l i z e  the Carli .ni  formlila, t h u s  obtai.ni.ng 

T h i s  f u n c t i o n  i n c r e a s e s  w i t h  __ s. 

Thus, one may t h i n k  w i t h o u t  r i s k i n g  t h e  e r r o r  t h a t  f u n c t i o n  N+ ( p , s )  i.s 
c o n t i n u a l l y  r i s i h g  w i t h  r e s p e c t  t o  2, s o  long as p - i s  f i x e d .  

The shape  of f u n c t i o n  % is rep resen ted  i n  F igu re  4 .  

4 .  "THE CONTINUOUS SPECTRUM" APPROXIMATION 

The h i g h e r  t h e  r requency ,  t h e  c l o s e r  t o g e t h e r  t h e  i n t e r a c t i o n  l i n e s  
s o  t h a t  one may o f t e n  do  away w i t h  t h e  s mniation on s and t h e  f i9?ct ion 6 i n  
the e x p r e s s i o n  (17)  f o r  b h .  
t rum" limit". We then  have: 

T h i s  is tantamount t o  tTking  t h e  "cont inuous  spec- 

T h i s  approximat ion  i s  v a l i d  i f  t h e r e  a r e  many i n t e r a c t i o n  l i n e s  i n  t h e  
ene rgy  i n t e r v a l  LIE of t h e  v a r i a t i o n  s c a l e  of the .  d i - s t r i b u t i o n  f u n c t i o n ,  say :  
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F i g .  3 

\ 

Fig .  4 



For r a t h e r  r e g u l a r  f u n c t i o n s  !!-- -!-, and w e  t hen  have t h e  c r i t e r i o n  
ac & 

E l i  0 I 
I n  g e n e r a l  w e  s h a l l  be  i n t e r e s t e d  i n  f requency  a m p l i f i c a t i o n s  i n  which 

t h e  cons ide red  p a r t i c l e s  are b e s t  e m i t t e r s ,  i . e . ,  i n  f r e q u e n c i e s  c l o s e  t o  t h e  
c r i t i c a l  f r equency  f o r  e n e r g i e s  t y p i c a l  of plasma p a r t i c l e s  ( c f .  [ 4 ] ) .  The 
p reced ing  c r i t e r i o n  t h e n  s ta tes  t h a t  the  number of t h e  c r i t i c a l  harmonic must 
b e  g r e a t  ahead of t h e  u n i t y .  

0,96 
_. 

1,s 

T h i s  c r i t e r i o n  i s  n o t  always a p p l i c a b l e ,  f o r  t h e  e s t i m a t e  made by u s  
t h e r e  concern ing  a g / a &  may r e s u l t  f a u l t y .  
ed eve ry  t i m e .  

T h i s  q u e s t i o n  h a s  t o  b e  r e c o n s i d e r -  

0,97 0,9S 0,99 

5,72 IO-% 4 lo-% 2,25 IO-.? 
. - . -. 

_.~ _. .. . - 

P /0,5 1 0,6 I 0,7 I0,8 /0,9 

. I -PP" 
__ 

0,75 0,64 0,53 0,36 0,19 
______ 

Low c y c l o t r o n  and 
gyromaznet ic  energy I Only a l i m i t e d  num- 
b e r  of harmonics  
( p a r t i c i p a t e  i n  t h e  ' i n t e r a c t i o n  I 

_.__I__ Remarks 

25 10-4 
- 

0,95 

3,6 10-l 
I_- 

2 10-4 

i $4 

gyroinagnetic energy Great  Synchro t ron  

The ' 'cont inuous spectrum" 
approximat ion  is  t h e  most 

o f t e n  v a l i d  

_ _ ~  __ 

4 3  

A p p l i c a t i o n  
of "con t in .  
spectrum" 
n e a r l y  always 

- c o r r e c t  __ 

7,3 12,5 29 

T A B L E  1 
i 

T a b l e  1 g i v e s  t h e  o r d e r  of magnitude of t h e  q u a n t i t i e s  of i n t e r e s t :  
the w i d t h  A8 of  t h e  a s s o c i a t e d  sy 'nchrotron COX i s  coiiipiited as a fu i i c t ion  of 
@ = v/c, t y p i c a l  o f  t h e  p o p u l a t i o n  envisaged .  

W e  may see t h a t  f o r  #3 < 0.95,  r a d i a t i o n  i s  n o t  s e r i o u s l y  concen t r a t ed  
w i t h i n  a n  a n g l e  su r round ing  t h e  v e l o c i t y .  Assoc ia ted  t o  t h e s e  t y p i c a l  e n e r g i e s  
are  c r i t i c a l  f r e q u e n c i e s  ( c f .  [ 4 ] ) ,  gi-,ring a n  o r d e r  of magni tude of t h e  ''most 
i n t e r a c t i n g "  f r e q u e n c i e s  w i t h  p a r t i c l e s .  



W e  computed f o r  each v a l u e  of B t h e  o r d e r  of magni tude of parameter  u 

It i s  t h u s  p o s s i b l e  t o  make more p r e c i s e  t h e  
f o r  t h e  c r i t i c a l  f requency  and t h e  number nc of t h e  c r i t i c a l  harmonic ( t h i s  
makes s e n s e  o n l y  i f  nc > 1). 
e x t e n t  t o  which w e  are f aced  w i t h  syn.chrotron r a d i a t i o n  and t o  what measure 
t h e  "cont inuous  spectrum" approximation i s  c o r r e c t .  

We inay see t h a t  the  d i r e c t i v i t y  condi t i .on  r e q u i r e d  t o  b r i n g  about  t h e  
T h i s  r e g i o n  a m p l i f i c a t i o n  i s  n o t  t o o  s e v e r e  wit1ii.n a f a i r l y  broad r e g i o n .  

covc r s  even a n  energy  r ange  where r a d i a t i o n  i s  of synchro t ron  t y p e ,  i. e. 
toward (1 -- p) N 1 3 - 3 .  

6. 

i s  

on 
of 

i s  

ULTRARELATIVI ST1r.C CASE 
_____I_ .____ 

We must now show t h a t  a t  t h e  l i m i t  of  v e r y  h igh  e n e r g i e s  a m p l i f i c a t i o n  
n o t  p o s s i b l e .  

& 
We may indeed  c o n s i d e r  t h a t  i n  t h i s  c a s e  n e i t h e r  g nor  2- v a r y  f o r  a 4 (1 a n  a n g l e  of t h e  o r d e r  A 0  synchro t ron .  The q u a n t i t y  ag/aq may be  t aken  o u t  

t h e  i n t e g r a l  ove r  p i n  ( 2 2 ) .  It i s  easy  t o  b e  convinced t h a t  

[Ne ( p ,  q) (4) =- 3i (q) 
L 

a r i s i n g  f u n c t i o n  of 9. We o b t a i n  

( 2 3 )  

For  r e a s o n s  a l r e a d y  i n d i c a t e d  and i n  agreement w i t h  [2], w e  f i n d  a pos i -  
t i v e  r e s u l t .  We t h e r e f o r e  may s t a t e  t h a t  w i t h i n  t h i s  l i m i t  t h e  d e t a i l s  of t h e  
r a d j a t  i o n  p a t t e r n  bcconic t o o  f i n e  r e l a t i v e  t o  t h o s e  of t h e  d i s t r i b u t i o n  f u n c t i o n .  

7. EXAMPLES 
---_I 

We s h a l l  s t u d y  i n  Appendix I t h e  case of a therinal beam kiunclied i n  t h e  
d i r e c t i o n  of  t h e  f i e l d  w i t h  a r e l a t i v i s t i c  v e l o c i t y ,  and show that .  such  a d i s -  
t r i b u t i o n  may i n  no case l e a d  t o  the  a m p l i f i c a t i o n ,  no m a t t e r  what t h e  tempera- 
t u r e  of t h e  beam. 

.In Appendix I1 w e  s h a l l  a l so  cons ider  t h c  case of d i s t r i b u t i o n ,  where a n  
o r t h o g o n a l  p a r t i c l e  impulse  i s  concent ra ted  around a mean nonzero value, by 
t a k i n g  i n t e r e s t  i n - a n  o s c i l l a t o r  pe rpend icu la r  t o  t h e  magnet ic  f i e l d .  The 
v a r i o u s  s i t u a t i o n s  are c l a s s i f i e d  with t h e  a i d  of t h r e e  parameters :  

- t h e  mean the rma l  energy  of  p a r t i c l e s  

kT 
?)IC2 

~ - - 

- t h e  d i r e c t e d  energy  of t h e  beam 
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- t h e  ene rgy ,  s t a r t i n g  w i t h  which p a r t i c l e s  i n t e r a c t  i n  a n o t a b l e  f a s h i o n  
w i t h  t h e  o s c i l l a t o r  h (c,  i n  t h e  Appendix 11) 

i .-: 

We r e a c h  t h e  fo l lowing  c r i t e r i a :  

- i f  i > d ,  t h e r e  can  b e  no a n i p l i f i c a t i o n  ( p a r t i c l e s  i n s u f f i c i e n t l y  ener -  
g e t i c ;  

- i f  i < d and ( d / i ) 4 ' 3 - - 1  > 2t , t h e r e  i s  no a m p l i f i c a t i o n  (Beam too  c o l d ) ;  

- i f  i < d and (d/:)", --- 1 < 21 , no ampl . i i i ca t ion ,  t h e  beam be ing  too  h o t ;  

- if i < d and ( t / / ; )"3  -- 1 2 2t , t h e r e  i s  a m p l i f i c a t i o n ;  

- i f  i < d and (d/i)4'3 -- 1 < , w e  f i n d  o u r s e l v e s  i n  a case s i m i l a r  t o  t h a t  
of v e r y  h i g h  e n e r g i e s .  There  i s  no a m p l i f i c a t i o n .  

8. C O N C L U S I O N  

W e  n o t e  the. p o s s i b i l i t y  of aniplif icatli-on of gyroniagnetic o r  n e a r l y  synchro- 
t r o n  r a d i a t i o n  by j e t s  of e n e r g e t i c  p a r t i c l e s  r a t h e r  d i - r e c t i v e  o n l y  on one of 
the p o l a r i z a t i o n s .  However, we no te  t h a t  f a v o r a b l e  c o n d i t i o n s  are r a t h e r  c1i.f- 
f i c u 1 . t  t o  f i n d .  Notwi ths tanding ,  t h i s  mechanism i s  of in terest  f o r  l end ing  it- 
s e l f  f a i r l y  w e l l  t o  t h e  c r e a t i o n  of a n  anoma1.ousI.y pol .ar ized r ad ia t . i on .  
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A P P E N D I X  I 

CASE OF A B&I PARALLEL TO THE NAGN~TIC FIELD 

It i s  necessa ry  t o  c a r e f u l l y  i d e n t i f y  f u n c t i o n  g i n t e r v e n i n g  i n  ( 5 ) .  

R.  G.  Synge [ 61 g i v e s  t h e  fo l lowing  expres s ion  (Maxwell-Juttner d i s t r i -  
b u t i o n )  : 

f dl.1 drz dr.3 dM, dMa dM3 

= K esp 5 M,h, dr, dr, clr, dM, dM2 dh13 
c' 
kT 

5 = 

For a = 4 M, = iin" == imc =; nix4 

Xais t h e  mean ve loc icy  f o u r  : 

h,h, = - 1 

5, = h, = 0; h, = -- = x, == 

h2, =; - 1 -x; 

v, I n *  
I t I C  

=.> 1, = i ( l  + x:> 5; 
I n  o r d e r  t o  r ecogn ize  f u n c t i o n  g, we must p a s s  i n  t h e  v a r i a b l e s  

p 1  =rz Y 
) I  - - 3  

XI = (,PI -+ xa,y; 

x'1 0 = Arc t g - -  I xa 

J a c o b i a n  c a l c u l a t i o n  g i v e s  : 

Whence 
g = K C X ~  111 5 x,h, 

The contour  l i n e s  o f  g a r e  the  s t r a i g h t  l i n e s :  

XI1 
1- H - -__ __ 

(1 -E xi),; E -2 

T h e i r  i n c l i n a t i o n  does n o t  exceed 1 and approaches t h e  u n i t y  when X11-z w(Vll->c),  
t he  smaller H ,  t h e  more impor tan t  are  t h e  v a l u e s  assumed by - g . 
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Among t h e s e  l i n e s  t h e  one t h a t  c r o s s e s  t h e  u s c f u l  r e g i o n  ( E ~  2 1 + XII  ’) 
and p o s s e s s e s  t h e  s m a l l e s t  o r d i n a t e  a t  o r i g i n ,  i s  t angen t  t o  t h e  l i m i t  hyper- 
bo la .  

It i s  e a s y  t o  see t h a t  t h e  v a r i a t i o n  of g assumes a dec reas ing  t r e n d  pur- 
s u a n t  t o  any l i n e  of d i r e c t i o n  i n t e r i o r  t o  t h e  asymptote  a n g l e ,  so t h a t  i n  t h i s  
case t h e  a m p l i f i c a t i o n  i s  n o t  p o s s i b l e ,  no matter what t h e  t empera tu re .  T h i s  
resglt stems from t h e  f a c t  t h a t  t h e  d i r e c t i o n  of t h e  beam was t aken  accord ing  
t o  B o ,  t h u s  r e j e c t i n g  t h e  most probable  s t a t e  a t  t h e  l i m i t  of t h e  u s e f u l  re- 
g ion .  

APPENDIX I1 

CASE OF A DISTRIEUTlON WITH AVEWCE-ORZERO- ORTHOGONAL IIQ’ULSION 
- - -_ - - __ 

L e t  u s  examine the c a s e  of a n  f . d . d .  (? )  c o n s t i t u t i n g  an ove rpopu la t ion  
i n  t h e  v ic i .n i . ty  of t h e  s t a t e  (X,, X 11). 

The Maxwell-Jzt tner  d i s t r i b u t i o n  f u n c t i o n  p rov ides  a n  example of such a 
d i s t i - i b u t  j o n  whjch, un fo r t i i na t e ly ,  is n o t  g y r o t r o p i c  as r e q u i r e d  by theo ry  
t h a t  y i e l d e d  t h e  e x p r e s s i o n  f o r  b l .  This q u a l i t y  c a n  b e  ob ta ined  by perform- 
i n g  j n t c g r a t i o n  of t h e  o r thogona l  beam v e l o c i t y  on t h e  p o l a r  a n g l e .  T h i s  
amounts t o  t a k i n g  t h e  sum of a l a r g e  number of d i s t r i b u t i a r i s d i f f t r i n g  by t h i s  
a n g l e .  We t h u s  o b t a i n  the d i s t r i b u t i o n  

* 

4 b e i n g  t h e  p o l a r  ang1.e of  pa r t i c l e  o r thogona l  v e l o c i t y .  We s h a l l  have: 

mc2 
kT g (E, XII 1 = K exp -- - (XII XII - E (1 t Xi + X 

I, i s  a Bessel f u n c t i o n ,  mod i f i ed ,  of f i r s t - k i n d  and of t h e  ze ro  o r d e r .  

It i s  c lear  t h a t  t h e  contour  l i n e s  of such a f u n c t i o n  are  n o t  s imple .  
I n  t h e  m a j o r i t y  of cases and p a r t i c u l a r l y  f o r  those  of i n t e r e s t  t o  u s ,  w e  have 
nzca % kI‘, so t h a t  i t  w i l l  be p o s s i b l e  t o  t a k e  an  a sympto t i c  approximat ion  of  
t h e  Besscl f u n c t i o n ,  Taking t h e  lowest  o r d e r  accord ing  t o  

I n  t h e  neighborhood of t h e  l i m i t  hyperbola  t h e  contour  l i n e s  j u s t  about  o v e r l a p  
the s t r a t g h t  l i n e s  

xi! ~ I I  == ~ ( 1  4- x;, -t x’)’’ 4- c o n s t ,  
1 
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I n  o t h e r  cases w e  s h a l l  have t o  s t u d y  t h e  countour  l i n e s  of 
1 

Since  we s e a r c h  f o r  q u a n t i t a t i v e  r e s u l t s ,  and i n  view of slownc?ss of x,-"' 
v a r i a t i o n s  r e l a t i v e  t o  t h e  exponen t i a l ,  t h e  c o u r s e  of contour  l i n e s  w i l l  b e  
s e n s i b l y  g iven  by 

XI1 XI1 -1- x, x, - E ( l  -1- x;, + x;)" = I-r 

To g r e a t e s t  v a l u e s  of H cor respond the g r e a t e s t  v a l u e s  of t h e  d i s t r i b u t i o n  
f u n c t i o n .  

These c o n s i d e r a ' t i o r s  tend o n l y  t o  p r o v i d e  a p h y s i c a l  j u s t i f i c a t i - o n  f o r  t h e  
s t u d y  of a d i s t r i b u t i o n  f u n c t i o n  of t h e  forin 

For s i m p l i c i t y  l e t  u s  f u r t h e r  assume t h a t  X I I  =- 0 and t h a t  from now on 
w e  s1)al.l p o s t u l a t e  Xl = a s o  as t o  a l - l e v i a t e  t h e  w r i t i n g s .  

The con tour  l i n e s  c o n s t i . t u t e  e l l i p s e s  o f  e q u a t i o n  

( E  + E1 (1 + aZ)!i)' 4- a2 .XI; = a' ( H a  -- 1) . _  
They are r e a l  .if IH1 > I and the on ly  ones  t o  i n t e r s e c t  t h e  u s e f u l  r e g i o n  

( C ~ - - X * I I  - 1 2 0) cor re spond ing  t o  a n e g a t i v e  1%. 

It i s  of i n t e r e s t  t o  s t u d y  t h e i r  i n t e r s e c t i o n  w i t h  t h e  l i m i t .  hyperbola .  
The e q u a t i o n  a t  E of t h e  p o i n t s  of i n t e r s e c t i o n  i s  w r i t t e n :  

(E(1  -+ n y  - 1 -  € 3 ) ~  == 0 

T h i s  e q u a t i o n  always h a s  a double  roo t  f o r  H < 0,  which cor responds  e f f e c t i v e l y  
t o  tangency  w i t h  t h e  hype rbo la ,  provided E > 1. 

For - ( I  + 02);: < 1-1 < - 1 t h e  e l l i p ses  are  ent i re1.y w i t h i n  t h e  r e g i o n .  - 
For  + E€ < - (1 -t (la)', t hey  a r e  b i - t angen t  t o  t h e  hype rbo la .  I n  r e a l i t y  

o n l y  p a r t  of t h e s e  e l l i p s e s  c o n s t i t u t e s  a contour  l i n e ;  
i b l e  i n  a r e p r e s e n t a t i o n  j.n t h e  p lane  
p a s s  i n  t h e  r e g i o n  xL < 0; t h e  cor respondjng  p o i n t s  have no p h y s i c a l  s i g n i f i -  
cance  of ?ny k i n d .  I n  t h e  las t  r e s o r t  we must p r e s e r v e  t h e  p a r t  of t h e  chord 
of t h e  p o i n t s  of c o n t a c t .  

i t  i s  ve ry  pe rcep t -  
(x, , xii) : f o r  f1 < -(1 + a2) ' i  t h e  cu rves  

L e t  u s  t a k e  i n t e r e s t  t o  t h e  a m p l i f i c a t i o n  by an o s c i l l a t o r  p e r p e n d i c u l a r  
ZQ SC f= r  such 2 d<s-irib7ltlon. 

To t h a t  e f f e c t  i t  i s  convenient t o  r e f i n e  t h e  s i g n  of t h e  g r a d i e n t  of g 
i n  t h e  d i r e c t i o n  of a x i s  E .  

The cu rve  foi- s i g n  change i s  the l o c a t i o n  of t h e  p o i n t s  of c o n t a c t  w i t h  
t h e  c o n t o u r  l i n e s  of l i n e s ,  p a r a l l e l  t o  t h a t  d i r e c t i o n .  



. b 16 

We f i n d  a hyperbola  of  e q u a t i o n  

F ig .11 ,  1 s h o w  t h e s e  d i f f e r e n t  curves .  Dashes i n d i c a t e  t h e  assumed c o u r s e  
of t h e  f u n c t i o n  

The zone cor responding  t o  impor tan t  v a l u e s  of g and (712 i s  shaded. - 
T h i s  zone i s  c o n c e n t r a t e d  around the. contour  l i n e  a t  l / e  from t h e  maximum. 
The v a l u e  of H cor responding  t o  i t  is  g i v e n  by 

The cor responding  p o i n t  on t h e  curve of g r a d i e n t  n u l l i f i c a t i o n  h a s  f o r  o r d i n a t e  

c, = \/lt,. (1 4- 2) 
The semi-axis  about  x i s  wor th  il 

2kT 4; 
(HP -- 1)" N (---) 

whence 

(I= c 
p cos 0 r= XI1 - 

a, = I1 (1 + x;,> $5 

T h i s  curve c r o s s e s  t h e  hyperbola  

Ea = ( 1  + a*) (1 -1 x;,> 

a t  a p o i n t  of o r d i n a t e  

1 y- a' ' 

A r e a l  i n t e r s e c t i o n  p o i n t  will b e  obta ined  i f  > I  US 
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o r  s t i l l  uJ/ ,  < (1 -/- cl) K 

The o r d i n a t e  a i  t h e  o r i g i n  of t h e  curve  =- U'k i s .  E ,  == 

ceding  i n e q u a l i t y  i s  i n t e r p r e t e d  i n  a v e r y  s imple  manner: i t  s u g g e s t s  t h a t  
t h i s  cu rve  p l a c e s  i t s c l f  above t h e  summit of g d i s t r i b u t i o n .  

and t h e  pre-  

- 

The r e l a t i v e  p o s i t i o n  of t h e  curve 2 = aa: mil cf t h e  r e g i o n  \?her? 1DAg t a k e s  
impor tan t  v a l u e s  a r e  i n d i c a t e d  o n  t h e  fo l lowing  f i g u r e s  (11, 2 , 3 , 4 , 5 ) .  Represent -  
ed i n  them i s  t h e  contour  l i n e  o f  g l i m i t i n g  t h e  r e g i o n  w'1e-e cDAg can  assulne i r n -  

t p o r t a n t  v a l u e s ,  and a l s o  t h e  c u r v e o f  (7,: s i g n  change jn t h e  same reg ion .  

c 

C ' I  \ 

I /  

Fig. 11. 1 

Around t h e  curve  t: ( E  = a> w e  r ep resen ted  t h e  r e g i o n  where k e r n e l  Ne(p,q)  
assumes impor t an t  v;?lues.  
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The cu rve  S i s  l o c a t e d  en t j . r e ly  
w i t h i n  a zone where o a g  i s  p o s i t i v e .  
There i s  no ampli ?<.cat ion.  

E x p l i c i t  C r i t e r i o n  : 

2) E l  < diT2 ( f ig .  11, 3) 
Fig. 11, 3. 

The wid th  of t h e  e ? E p s e  is 
n o t a j f y  less t h a n  t h e  w i d t h  a t  t h e  
lowes t  p o i n t  of t h e  1imi.t e l - l i p s e  
of 6 .  We o b t a i n  t h e  c r i t e r i o n  

(1 f (12 )  'Ir 2kT 
U' 

Then t h e r e  i s  p r a c t i c a l l y  no 
i n t e r a c t i o n  w i t h  t h i s  p o l a r i z a t i o n  
the  beam be ing  too  much d i r e c t e d  
s o  t h a t  t h e  p a r t i c l e s ,  and n e a r l y  
a l l  of them, have t h e  d i r e c t i o n  
o€ tlie o s c i l l a t o r  and i n t e r a c t  
l i t t l e ,  on account  of b reak ing  i n  

. 

Fig. 11, 4. 

Fig. 11, 5. Fig. 11, 2. 
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two p a r t s  of t h e  r a d i a t i o n  p a t t e r n .  

3)  E emerges from t h e  zone where chgassumes  n o t a b l e  v a l u e s  p r i o r  t o  pass -  
i n g  i n t o  t h a t  where i s  p o s i t i v e ;  o r  more s imply,  t h e  wid th  of t h e  l i m i t  
e l l i p s e  a t  E = +a' i s  smaller than  t h a t  of t h e  courbe  f o r  8 (Fig.I1,4). 

The ha l f -wid th  of t h e  e l l i p s e  is  of t h e  o r d e r  o€ (2 E)'' and t h e  wid th  
I)1CX of 6 a t  t h i s  poi-nt i s  easy  t o  compute. 

We o b t a i n  t h e  c r i t e r i o n :  

(1 -{- aa) ''I 
U1 - 1 >  (s) 

(-$)'la- 1 > 2r 

4 )  ( F i g . I 1 , 5 )  

( + ) ' l a -  1 < 21 

The zone where t h e  k e r n e l  assumes no tab le  v a l u e s  c r o s s e s  t h e  r e g i o n s  where 
0~ g assunies e i t h e r  s i g n .  

The kernel  growth a long  e?. being g iven ,  t h e  r e g i o n s  where C D A ~  i s  p o s i t i v e  
c o n t r i b u t e  t o  bA w i t h  a weight  Pa; l a  which is  s u p e r i o r ,  thoughcDAgis of 
same o r d e r .  One may t h u s  fee l  t h a t ,  g e n e r a l l y ,  such a s i t u a t i o n  vould n o t  
l e a d  t o  t h e  a m p l i f i c a t i o n .  

5) 
ed w i t h  t h e  c l a s s i c a l  c a s e  where t h e  d e t a i l  of t h e  r a d i a t i o n  p a t t e r n  does n o t  
i n t e r v e n e .  

When t h e  i n e q u a l i t y  of 4' is  made ve ry  s t r o n g ,  we f i n d  o u r s e l v e s  conf ron t -  

I n  t h i s  w e  r i n d  a g a i n  t h e  c a s e  whereby a m p l i f i c a t j o n  i s  imposs ib l e .  

*A?; END OF APPENDIX I1 
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